As a top-factory, the LHC is performing a direct study of top-quark anomalous FCNC couplings, which are, however, correlated closely with the rare B-and K-meson decays.
Introduction
In the Standard Model (SM), the flavor-changing neutral current (FCNC) interactions, which are absent at tree level, are induced by quantum corrections and highly suppressed due to the Glashow-Iliopoulos-Maiani (GIM) mechanism [1] . Possible new physics (NP) beyond the SM can manifest itself by altering the expected rates of these FCNC-induced processes. Thus, the study of FCNC interactions plays an important role in testing the SM and probing NP effects.
For the top quark, the FCNC-induced decays t → qZ (where q denotes either a c-or a uflavored quark) are exceedingly rare within the SM, with branching ratios of order of 10 −10 [2, 3] .
However, these processes could be significantly enhanced by some potential NP models [4] , like supersymmetry, multi-Higgs doublet models and SM extensions with exotic quarks. Any positive signal of these processes at the LHC would therefore imply NP beyond the SM. These top-quark anomalous couplings could also be probed by studying the top-quark production at high-energy colliders [4] . So far, the direct experimental bounds on these anomalous couplings are not so restrictive and the world's best limit is set by the D0 collaboration, with a branching ratio B(t → qZ) < 3.2% at 95% C.L. [5] . The constraint will be improved significantly by the large top-quark sample to be available at the CERN Large Hadron Collider (LHC), which is expected to produce 80 million top pairs and 34 million single tops annually. For example, with about 10 fb −1 data, the discovery potential of B(t → qZ) at both the ATLAS [6] and the CMS [7] collaboration is reported to be of the order of 10 −4 .
However, if the top-quark anomalous couplings really existed, the low-energy processes with loops involving the top quark may also be affected, and could therefore provide helpful information for a direct search at high-energy colliders [8, 9, 10, 11, 12] . In this respect, the rare B-and K-meson decays, such as B s,d → µ
and K L → π 0 νν, are particularly interesting. They are all short-distance dominated FCNC processes induced by the Z-penguin and box diagrams, and the calculation of their branching ratios is theoretically rather clean. They are therefore known to be good probes of flavour dynamics within the SM and beyond [13] . As the anomalous couplings tqZ can enter the Zpenguin diagram, constraints on these couplings can be obtained by studying deviations from the SM predictions for these decays. Although the current experimental upper bounds on these rare decay processes are still weak [14] , the measurements will be improved at the LHCb, the future super-B factories, the NA62 at CERN, the KOTO at J-PARC, etc. Thus, closer correlations between the FCNC transition t → qZ and the rare B-and K-meson decays are expected in the near future.
In our previous works [11, 12] , we have studied the anomalous tqγ coupling effects in inclusive and exclusive radiative B-meson decays. In this paper, we shall continue to investigate the anomalous tqZ coupling effects on the rare B-and K-meson decays. With the up-to-date experimental data on these decays, we shall first derive constraints on these anomalous couplings, and then discuss the implications for the rare t → qZ decays at the LHC.
Our paper is organized as follows. In Sec. 2, we introduce the effective Lagrangian describing the anomalous interactions tqZ, and set the convention used throughout the paper. In Sec. 3, we first recapitulate the basic theoretical formulae for the relevant B-and K-meson decays, and then discuss the anomalous tqZ coupling effects in these decays; the rare decay t → qZ mediated by the anomalous coupling is also presented in this section. Detailed numerical results and discussions are presented in Sec. 4. Our conclusions are made in Sec. 5. The relevant input parameters are collected in the appendix.
Effective Lagrangian for anomalous tqZ couplings
In most extensions of the SM, the new degrees of freedom that modify the ultraviolet behavior of the underlying theory appear only at a scale Λ which is much higher than the electroweak scale v = 246 GeV. As long as we are only interested in processes occurring much below the scale Λ, we can always integrate out these new degrees of freedom and describe the NP effects in terms of a few higher-dimensional local operators, which are built out of the SM fields and suppressed by inverse powers of the NP scale Λ [15, 16, 17, 18] .
The above effective field theory approach is a powerful theoretical framework for describing the FCNC processes induced by some unknown NP models. Specific to our case, the anomalous coupling tqZ mediating the FCNC transition t → qZ can be described by the effective
where operators with dimension larger than 6 are neglected. The explicit form of the dimension-6 operators O (6) i , which are consistent with the SM gauge symmetries, can be found in Ref. [16, 17, 18] . These operators can contribute to the tqZ vertex, resulting an equivalent description by the effective Lagrangian [18] 
and κ
L,R qt
depend on the unknown
Wilson coefficients C (6) i , and are in general complex. The effective Lagrangian given by Eq. (2) is commonly employed in phenomenological analyses related to top-quark physics [4] .
Theoretical formalism for rare B-and K-meson decays
In this section, we shall first recapitulate the basic theoretical formulae for the relevant rare Band K-meson decays, and then discuss the anomalous tqZ coupling effects on these decays; the rare decay t → qZ mediated by the anomalous coupling is also presented in this section.
The rare decays B s,d → µ + µ − are dominated by the Z-penguin and box diagrams involving top-quark exchanges, and the resulting effective Hamiltonian can be written as [19, 20] 
where
is a linear combination of the V − A components of Z-penguin and box diagrams [19, 20, 21] , with its explicit expression given in Appendix B. The branching ratio for
where f Bq is the B q -meson decay constant. Due to the helicity suppression factor m 2 µ , the branching ratios for these decays are predicted to be very small.
Exclusive and inclusive b → sνν decays
The rare decays B → X s νν, B → Kνν and B → K * νν are all induced by the quark-level b → sνν transition, and provide a very good test of modified Z-penguin contributions [22, 23, 24] .
The effective weak Hamiltonian governing the transition b → sνν can be written as [19, 20] 
where the gauge-invariant function X(x t ) is also a linear combination of the V − A components of Z-penguin and box diagrams [19, 20, 21] . For convenience, we give its explicit expression in Appendix B.
B → X s νν
The inclusive decay B → X s νν can be evaluated using heavy-quark expansion and operator product expansion, and is theoretically very clean. Adopting the convention advocated by
Ref. [22] , the dineutrino invariant mass distribution can be written as
with λ(x, y, z) = x 2 + y 2 + z 2 − 2(xy + yz + zx),m i = m i /m b , and m b denotes the b-quark mass in the 1S scheme [25, 26] . The factor κ(0) = 0.83 contains the virtual and bremsstrahlung QCD corrections to the b → sνν matrix element [27, 28] . The total branching ratio is then obtained by integrating Eq. (6) over the kinematically allowed region 0 [28, 29] , with the HQET parameters λ 1 = −0.27 ± 0.04 and λ 2 = 0.12 ± 0.01 [26] .
B → Kνν
For the exclusive decay B → Kνν, the dineutrino invariant mass distribution can be written as [22, 24] 
where 
with an overall factor
the dineutrino invariant mass spectrum of the decay B → K * νν can be written as [22] 
where the normalized invariant mass s B ranges from 0 to the kinematical endpoint (1− m K * ) 2 ≈ 0.69. Here the main theoretical uncertainty is due to the normalization and the shape of the
Rare K-meson decays
It is known that, among the many rare B-and K-meson decays, the modes K + → π + νν and K L → π 0 νν are the theoretically cleanest, and therefore play an important role in the search for the underlying mechanism of flavour mixing and CP violation [30, 31] . Especially, these decays are very sensitive to NP contributions in Z-penguin diagrams.
The effective weak Hamiltonian relevant for K + → π + νν can be written as [19, 32] 
where the dependence on the charged lepton mass results from the box diagram. With the help of isospin symmetry, the branching ratio for K + → π + νν is then given as [30, 31] 
where λ q = V * qs V qd (with q = t, c), is the product of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements [33] , and ∆ EM = −0.003 denotes the electromagnetic correction [34] . The overall factor κ + , with κ + = (5.173 ± 0.025) × (λ/0.225) 8 × 10 −11 , summarizes the isospinbreaking corrections in relating
The dimension-six charm operator contribution P c is given as [36] 
with error dominated by the charm-quark mass, and δP c,u = 0.04 ± 0.02 contains the small long-distance (up quark) and dimension-eight charm operator contributions [37] .
The rare decay K L → π 0 νν, proceeding almost entirely through direct CP violation [38] , is completely dominated by short-distance loop diagrams with top-quark exchanges, and the charm contribution can be fully neglected [30] . Thus, the effective weak Hamiltonian for K L → π 0 νν can be written as [19, 32] 
Analogous to the case of K + → π + νν, the branching ratio of K L → π 0 νν can be given as [30, 32] 
where the overall factor κ L = (2.231 ± 0.013) × (λ/0.225) 8 × 10 −10 encodes the hadronic matrix element related to K ℓ3 data [34, 35] , and the parameter δ ǫ denotes the contribution of indirect CP violation to K L → π 0 νν, which is highly suppressed by the small K 0 −K 0 mixing parameter |ǫ| [32] . For the case of general complex function X(x t ), the expression of δ ǫ can be written as
which is consistent with the SM result for real X(x t ) given explicitly in Ref. [32] .
Anomalous tqZ coupling effects
The anomalous tqZ interactions given by Eq. (2) affect the rare B-and K-meson decays through the Z-penguin diagrams. As an illustration, in the following we shall consider the effect of anomalous tqZ couplings on the b → sνν transition.
b → sνν transition induced by anomalous tcZ coupling
For the transition b → sνν, the relevant Feynman diagrams both within the SM (the first three ones) and with the anomalous tcZ coupling (the last one) are depicted in Fig. 1 .
It should be noted that there exist some other Feynman diagrams induced by the anomalous tqZ couplings, such as the one with the c-replaced by the u-quark line in Fig. 1(d) , and the one with exchanges of the t-and c-quark lines in Fig. 1(d) . However, analogous to the arguments made in our previous works [11, 12] , contributions from these two Feynman diagrams are negligible compared to the one from W part of the W -boson propagator is ultraviolet-divergent. Similar to the treatment adopted by Grzadkowski and Misiak [9] , the divergence could be absorbed by some counterterms served by other dimension-6 operators [16, 17] , the MS-renormalized Wilson coefficients of which are assumed to be negligible compared to the ones considered here. Moreover, it is found that the contribution from tensor currents in the effective Lagrangian Eq. (2) is zero.
Normalized to the effective Hamiltonian Eq. (5), the contribution of anomalous tcZ coupling to the b → sνν transition would result in the deviation
where the matching coefficient reads 
b(s) → dνν transition induced by anomalous tuZ coupling
Similar to the case of b → sνν transition, it is easily seen that, based on the counting of CKM factors listed in Table 1 , the transitions b → dνν and s → dνν are both dominated by the anomalous tuZ coupling, with the corresponding Feynman diagram obtained from Fig. 1(d) ,
with the c-replaced by the u-quark line and changes of the external quark flavours.
Normalized to the corresponding effective weak Hamiltonian, the contribution of anomalous 
tuZ coupling to the transitions b → dνν and s → dνν can be written, respectively, as
where the right-handed coupling X R ut is now more severely suppressed by the light up-quark mass via the factor √ x u =m u /m W .
Rare t → qZ decays mediated by anomalous tqZ coupling
Within the SM, the top quark has only one dominant decay channel t → bW , and the branching ratio of t → qZ decay can be therefore defined as [4, 10] 
where the leading-order (LO) decay width of t → bW is given explicitly as [39] 
with
, being the velocity of the W -boson in the top-quark rest frame.
As the SM prediction for Γ(t → qZ) is exceedingly small [2] , we need only consider the decay t → qZ mediated by the anomalous tqZ interaction. Adopting the convention specified in the effective Lagrangian Eq. (2), the LO decay width of t → qZ can be written as [4, 10] (1.73
B(t → qZ) < 3.2% (95% C.L.) [5] where
, is the velocity of the Z-boson in the top-quark rest frame. Since the NLO QCD corrections to Γ(t → qZ) are found to be negligible [40, 41, 42, 43] , here we shall only consider the LO result given by Eq. (23).
Numerical results and discussions
With the theoretical framework presented in previous sections and the input parameters collected in Appendix A, we shall present our numerical results and discussions in this section.
The SM predictions and the experimental data
Within the SM, our predictions for the rare B-and K-meson decays are listed in Table 2 , where the theoretical uncertainties are obtained by varying each input parameter within its respective range and adding the individual uncertainty in quadrature. It can be seen that, with the up-todate input parameters, the theoretical uncertainties for most of these decays are less than 13% except for B → K * νν decay, which is still about 23% mainly due to the B → K * transition form factors.
However, compared to the precise theoretical predictions, the current experimental limits on these decays are still rather weak. At present, only seven events of the decay K + → π + νν have been observed [49] . For B s → µ + µ − decay, it is interesting to note that a possible first signal has been recently announced by the CDF collaboration, although with a low significance [51] .
This result has, unfortunately, not been confirmed by the searches both at the CMS [44, 52] and at the LHCb collaboration [44, 45, 53] . Because of the missing multiple neutrinos in the final state, it is quite difficult to measure the exclusive b → sνν decays, and the present experimental limits are only available from the two e + e − B-factories BaBar [47, 48] and Belle [54, 55] , both of which have used the hadronic tag technique to reconstruct the accompanying B meson.
To discuss the effects of anomalous tqZ interactions on these rare B-and K-meson decays, we shall use the SM predictions with 2σ error bars and the experimental upper bounds at 90% C.L., as listed in Table 2 . For the decay K + → π + νν, on the other hand, the experimental data with 1σ error bar will be used due to its large uncertainty. In additional, for the exclusive b → sνν decays, since the experimental upper bounds on the charged decay modes, B(B + → K + νν) and B(B + → K * + νν), are more stringent than their neutral counterparts, B(B 0 → K 0 νν) and B(B 0 → K * 0 νν), we shall only consider constraints from the former in the following discussions.
For the rare top-quark FCNC decay t → qZ, the current world's best limit, B(t → qZ) < 3.2% at 95% C.L., is set by the D0 collaboration [5] . On the other hand, using likelihoodbased analyses, the expected branching ratio sensitivity for a 5σ discovery potential at the LHC could reach 4.4 (1.4) × 10 −4 with an integrated luminosity of L = 10 (100) fb −1 at the ATLAS experiment [6] . For the decay B s → µ + µ − , the effect of anomalous tcZ coupling results in a deviation of the function Y (x) from its SM result, and the branching ratio can be formally written as
• , is the phase associated with the CKM matrix element V ts .
From Eq. (24) For the decays B → X s νν, B → Kνν and B → K * νν, which are all induced by the quarklevel transition b → sνν, the effect of anomalous tcZ coupling on the branching ratios is to replace the SM function X(x t ) with X(x t ) + C NP 0,b→s , and hence we have
where the NP contribution is the same as discussed in B s → µ + µ − . However, due to the less stringent experimental bounds and the large theoretical uncertainties, the current constraints on the coupling |X L ct | from these rare B-meson decays are still rather loose. As is shown in Fig. 2 , the potentially large top-quark anomalous coupling effect is reflected in the stringent bound on its magnitude |X L ct |, which is currently dominated by the purely leptonic B s → µ + µ − decay. From the numerical results given in Table 3 , one can see that, with the bound from B(B s → µ + µ − ) taken into account, the predicted upper limit of B(t → cZ) is lower Table 3 : Bounds on the magnitude |X L ct | from the purely leptonic B s → µ + µ − decay, with some specific values of the phase θ L ct . In the last row, we also give the corresponding predicted upper limit on B(t → cZ).
than the D0 bound [5] . This is also evident from the correlation plot between B(B s → µ + µ − ) and B(t → cZ) depicted in Fig. 2 . In particular, the predicted B(t → cZ) is about of the same order as the 5σ discovery potential of ATLAS with an integrated luminosity of L = 10 fb −1 [6] .
and s → dνν decays with anomalous coupling X
L ut
For the decay B d → µ + µ − , the anomalous tuZ coupling contributes to the branching ratio as
where β = arg(−
• , is the phase associated with the CKM matrix element V td .
The suppression of right-handed coupling is more evident and can be therefore neglected, since its contribution is accompanied by a much smaller factor √ x u = m u /m W , see Eq. (19) . Here the interference between the SM and the NP contributions is destructive in the region θ L ut ≈ β, whereas constructive in the region θ
• . This is clearly shown in Fig. 3 , where the upper bounds on the anomalous coupling |X Although the current experimental bound on B(B d → µ + µ − ) is still rather weak, it is interesting to note that, with its constraint on the coupling X L ut taken into account, the predicted upper limit for B(t → uZ) is lower than the D0 bound [5] . However, the limit is still comparable with the 5σ discovery potential of ATLAS with an integrated luminosity of L = 10 fb −1 [6] , as shown in Fig. 3 . Due to the charm contribution, the effect of anomalous tuZ coupling on the decay K + → π + νν becomes somewhat complicated, and we have numerically
where C Since the decay K L → π 0 νν proceeds almost entirely through direct CP violation, only the imaginary part of the SM and the NP contributions affect its branching ratio. The final numerical result reads
In this case, the effect of anomalous tuZ coupling depends strongly on its phase θ Finally, for illustration, we give in Table 4 some numerical results for |X L ut | with some specific values of the phase θ L ut , where the scenarios S1 and S2 correspond to the same sign and signflipped solutions for the function X(x t ), respectively. We can see that the predicted B(t → uZ) is much lower than the D0 bound [5] , but is of the same order as the 5σ discovery potential of ATLAS with an integrated luminosity of L = 10 fb −1 [6] .
Conclusions
In this paper, we have studied the effects of anomalous tqZ couplings on the rare B-and K-meson decays. Among the four operators in the effective Lagrangian given by Eq. (2), it is found that only the anomalous operatorqγ µ P L tZ µ could give a potentially large contribution to Table 4 : Bounds on the magnitude |X L ut | from the rare K + → π + νν decay, with some specific values of the phase θ L ut . The two solutions S1 and S2 correspond to the cases in which the sign of the function X(x t ) is not flipped and flipped, respectively. In the last row, we also give the corresponding predicted upper limit on B(t → cZ). 
Currently, the most stringent bounds on tcZ and tuZ couplings come from the decays B s → µ + µ − and K + → π + νν, respectively.
For generical complex couplings tcZ and tuZ, it is found that the interference between the SM and the NP contributions is constructive in the region θ
respectively. Thus, the most stringent constraints on the strength of these anomalous couplings come from these regions.
From the correlations of the rare B-and K-meson decay with the rare t → qZ decays, we find that, with the constraints from the former taken into account, the predicted upper limit of B(t → qZ) is lower than the D0 bound, but is still of the same order as the 5σ discovery potential of ATLAS with an integrated luminosity of 10 fb −1 .
Although the current experimental upper bounds on these rare decay processes are still rather weak, the measurements will be much improved at the LHCb, the future super-B factories, the NA62 at CERN, the KOTO at J-PARC, etc. Thus, closer correlations between the t → qZ and the rare B-and K-meson decays are expected in the near future, which will be very helpful for the searches of the anomalous top-quark FCNC decays at the LHC.
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Appendix A: Theoretical input parameters
In this appendix, we collect all the relevant input parameters used in the numerical analysis of rare B-and K-meson decays, as well as the rare t → qZ decay.
The basic SM parameters
First, we need some basic SM parameters, which are all taken from the Particle Data Group [56] 
We use two-loop running for α s throughout this paper.
The CKM matrix elements
For the CKM matrix elements, we adopt the Wolfenstein parametrization [57] 
with ρ = ρ (1 − ).
The quark masses
The quark masses given in different schemes are collected below [61, 62] , m u (2 GeV) = 2.01 ± 0.14 MeV [61, 62] . (31) To get the corresponding running quark masses at different scales, we use the NLO MS-on-shell conversion and running formulae collected, for example, in Ref. [63] .
The nonperturbative hadronic parameters
For B s,d → µ + µ − decays, we need the B-meson decay constants, which are taken from [64] f Bs = 238.8 ± 9.5 MeV, f B = 192.8 ± 9.9 MeV.
For the B → K ( * ) form factors appearing in B → K ( * ) νν decays, we adopt results obtained with the light-cone sum rule approach [65, 66] V (q 2 ) = r 1 1 − q 2 /m 
which are valid in the full physical region, and the uncertainty is, to be conservative, assigned with the one at q 2 = 0, with δV = ±0.033, δA 1 = ±0.028, δA 2 = ±0.027, and δf K + = ±0.041.
Appendix B: The Inami-Lim functions X(x) and Y(x)
The gauge-invariant functions X(x) and Y (x) appearing in rare B-and K-meson decays are given as [19, 20, 21] X(x) = C(x) − 4B(x) , Y (x) = C(x) − B(x) ,
where the basic Inami-Lim functions C(x) and B(x) correspond to the Z-penguin and the box diagram contribution, respectively. For convenience, their explicit expressions up to the NLO are given below [19, 20, 21] Y (x) = Y 0 (x) + α s 4π Y 1 (x),
and 
